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Le rang de la matrice

Soit la matrice : A =

0@ 0 1 1
1 0 1
1 1 0

1A ,ici I =
0@ 1 0 0
0 1 0
0 0 1

1A .
1) Trouvons le rang de la matrice A :

On a : det A = 2 6= 0,A est inversible.

Donc l�application f : R3 �! R3 est bijective

on a f : R3 �! R3 est surjective

=)Im f = R3 =)dim Im f =dim R3 = 3

on sait que : rang A =rang f =dim Im f = 3

donc : rang A =rang f =dim Im f = 3.
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Calcul sur les matrices

2) Montrons que A2 = A+ 2I

A2 = AA =

0@ 0 1 1
1 0 1
1 1 0

1A0@ 0 1 1
1 0 1
1 1 0

1A =

0@ 2 1 1
1 2 1
1 1 2

1A ,
A+ 2I =

0@ 0 1 1
1 0 1
1 1 0

1A+ 2
0@ 1 0 0
0 1 0
0 0 1

1A =

0@ 2 1 1
1 2 1
1 1 2

1A ,
=) A2 = A+ 2I .
Alors :

A3 = AA2 = A (A+ 2I ) = A2 + 2A.

=) A3 =

0@ 2 1 1
1 2 1
1 1 2

1A+ 2
0@ 0 1 1
1 0 1
1 1 0

1A =

0@ 2 3 3
3 2 3
3 3 2

1A .
=) A3 =

0@ 2 3 3
3 2 3
3 3 2

1A .
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Equation matricielle

3) Déterminons a, b, c et d tels que : aA3 + bA2 + cA+ dI = 0

=) a

0@ 2 3 3
3 2 3
3 3 2

1A+ b
0@ 2 1 1
1 2 1
1 1 2

1A
+c

0@ 0 1 1
1 0 1
1 1 0

1A+ d
0@ 1 0 0
0 1 0
0 0 1

1A =

0@ 0 0 0
0 0 0
0 0 0

1A
=)

0@ 2a+ 2b+ d 3a+ b+ c 3a+ b+ c
3a+ b+ c 2a+ 2b+ d 3a+ b+ c
3a+ b+ c 3a+ b+ c 2a+ 2b+ d

1A =

0@ 0 0 0
0 0 0
0 0 0

1A
=)

�
2a+ 2b+ d = 0
3a+ b+ c = 0

=)
�
d = �2a� 2b
c = �3a� b
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Equation matricielle et l�inverse de A

4) Véri�ons si a = 0 et b = 1

=)
�
d = �2 (0)� 2 (1)
c = �3 (0)� (1) =)

�
d = �2 6= 0
c = �1 .

Donc : aA3 + bA2 + cA+ dI = 0

=) (0)A3 + (1)A2 + (�1)A+ (�2) I = 0
=) A2 � A� 2I = 0 =) A2 � A = 2I
=) 1

2
(A� I )A = I .

Il en résulte que A est inversible et on a :

A�1 =
1
2
(A� I ) = 1

2

0@0@ 0 1 1
1 0 1
1 1 0

1A�
0@ 1 0 0
0 1 0
0 0 1

1A1A
=) A�1 =

1
2

0@ �1 1 1
1 �1 1
1 1 �1

1A
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